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ABSTRACT
Although no explicit general solution is known for the 
vector integral equation satisfied by the current density vector 
on a conducting surface, it is shown in the following report 
that the vector equation can be "scalarized" in the case of a 
quadratic conducting surface.
1.
A NOTE ON CURRENTS ON A QUADRATIC SURFACE
1. Introduction
It has been shown by Fock (Ref. 1) that the surface current 
density vector satisfies the following integral equation:
when
In this equation, R is the length of the chord joining the two
points on the surface S defined by and
is the unit normal vector at
ds' the surface element at
k the absolute value of the wave vector
The quantity is an "external" current density defined by
where is the magnetic field of the incident wave on the surface 
(external field).
In the general case, by projection on a convenient system of 
coordinates (ξ, η) on the surface, one gets:
2.
where the ℒi and ℳi (i = 1, 2) are linear integral operators.
We shall see now under which conditions the preceding integral 
equations simplify. In particular, one could ask the following ques-
tion: Can we have
2. Characterization of the Surface S
ℒ2 = ℳ2 = 0,  or ℒ1 = ℳ1 = 0?
Let us take a system (ξ, η) of coordinate curve or S, not 
necessarily orthogonal. At each point we define the tangent to the
ξ line by , its unit vector. is the unit vector of the
tangent to the η-line. We have
Therefore:
where is the mixed product
We have furthermore:
3.
The coefficient of is independent of j'ξ if, and only if
(1)
and the coefficient of is independent of j'η if, and only if,
(1')
for all couple of points and . In the same way, the coeffi- 
cient of aη is Independent of j'η if
(2)
and the coefficient of is independent of j'ξ if
(2')
Conditions (1) and (1') mean that are in the
same plane, or always meets , and in the same way
always meets
It is almost obvious that S in this case is a plane or a
pencil of planes. Take two , say and , which interact
at a point A (if they exist). Every has to intersect and
, hence has to be either in the plane defined by and , or
go through A . In the first case, all lie in a plane, and so do
points of contact. Hence S is a plane. In the second case, all
4.
go through some point A . If in this second case all are in a
plane we are through. Otherwise, all intersect at some point
B . If A and B are distinct, all planes tangent to S go 
through the line AB.
Take AB for z axis. If f(x, y, z) = 0 is the equation of
S , we have f'z = 0 , hence S is a cylinder. Take the cross sec­
tion by z = 0; a curve whose tangents all go through 0, hence is 
a family of straight lines through 0 . S is then a family of 
planes intersecting along Oz . A and B must be different,
otherwise and would not be defined by coordinate lines.
To sum up S is a plane or a pencil of planes. This covers
for the case of fixed limits in the integral; plane, parallel plates,
wedges, corners.
Conditions 2 and 2' mean that every intersects every
and every intersects every . If, for example, three
exist, two of which are not coplanar, all intersecting those
three , the are a family of generators of quadratic surface,
which coincides then with S . The are then the other family.
Suppose now and are coplanar, and let P be their
intersection. pierces their plane at Q ; all are either
in the plane and go through Q , or in 
the plane (P, η3) and go through P. 
We have then, two planes for S. If
are always coplanar, then
S is their plane.
5.
To sum up, we have proved the following:
Proposition A. The vector equation for the currents on a conducting
surface S can be "scalarized" if S is a non-
degenerate quadratic surface.
3. The Degenerate Quadratic Case
We just proved that in the case of a pencil of planes the pre­
vious proposition was true. In the case of a cone (or cylinder) our 
two coordinate curve systems become one coordinate curve system. Let 
it be the ξ system.
Then,
Take any η system, for instance the orthogonal trajectories of the
for the cone (or cylinder). Then, the equation for becomes
independent of . Once this equation is solved by a simple substi-
tution in the equation for one gets an equation involving only
, and we have to solve again two scalar equations.
We get then,
Proposition B. The vector equation for the currents on a conducting 
surface can he "scalarized" if S is a quadratic sur­
face.
It is noteworthy to remember that the wave equation is separable 
only in coordinate systems where the coordinate surfaces are quadratic 
surfaces. It might be interesting to investigate the connection between
separability and scalarization.
6.
4. Some More Remarks
One might write down an explicit equation for the kernel
in the non-degenerate case, using Plueckerian
coordinates for η' , (Xη, Yη, Zη, Lη, Mη, Nη), the 
one for η, [(X, Y, Z) being a unit vector]
Expressions like can be absorbed by , by
so they do not appear explicitly.
After such an absorption, the kernel becomes a symmetric one
with respect to the primed and unprimed letters, which was obvious on 
the vector expression. The interesting thing is that the bracket is of 
"dyadic" type.
Although the bracket is symmetric, K is not Hermitian:
and K(r, r') = K(r', r)
Some advances in the theory of non-Hermitian symmetric kernels (in par- 
ticular the study of completeness) would enable us to derive some topo- 
logical results on the current lines. It is hoped that some treatment 
will be given in a subsequent report.
5. Conclusion
The preceding results have reduced the vector equation for the 
quadratic case to two scalar independent integral equations. However,
7.
even in this case a closed form solution is not known for the corresponding
integral equation.
It can be easily checked that when one assimilates the surface to 
its tangent plane, and assuming that the solution is of local character, 
the equation can be solved by the convolution theorem. (See, for instance, 
the method in 2 .)
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